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Investment horizon and portfolio selection

Martin B. Tarlie∗

Abstract

I introduce a method of portfolio selection based on the idea that investment risk is
not having enough wealth when you need it. Not having enough wealth translates
into a required return. When you need wealth translates into an investment horizon.
These two ingredients, when combined with asymmetric preferences for wealth above
and below the target, result in portfolio selection that depends explicitly on investment
horizon.

First version: October 18, 2016
This version: March 8, 2017

JEL classification: G11, D81, C61.

Keywords : multi period portfolio choice, shortfall risk, mean variance, dynamic asset
allocation.

∗Quantitative Management Associates, LLC. Gateway Center 2, Newark, NJ 07102, 973-367-4588,
martin.tarlie@qmassociates.com. I thank Marco Aiolfi, Ken Hsu, Joshua Livnat, Ted Lockwood, Rodolfo
Martel, Dan Porter, David Starer, Mitch Stern, Yesim Tokat-Acikel, Peter Xu, and especially Edmund
Bellord, Tim Crist, Roy Henriksson, and George Sakoulis for many useful discussions and suggestions. This
material represents the views and opinions of the author and are not necessarily the views of QMA.

Electronic copy available at: https://ssrn.com/abstract=2854336



 Electronic copy available at: https://ssrn.com/abstract=2854336 

1 Introduction

Portfolio selection allocates assets to achieve an investment goal. This problem is faced by
all investors, from workers saving and investing for retirement, to endowments, foundations,
and pension plans, and even to asset managers trying to beat an index. The dominant
paradigm in portfolio selection for financial assets, originated by Markowitz (1952), is based
on optimizing a mean variance utility function. In this framing, risk is identified as the
volatility of the portfolio’s returns. Efficient portfolios maximize expected return for a given
level of volatility, and the collection of efficient portfolios defines the efficient frontier. The
efficient frontier, which characterizes the asset universe, reduces the selection problem to that
of identifying the most appropriate portfolio on the frontier.1 Investors choose the location
based on their aversion to volatility. This choice of location, is not a small one, however. For
example, the heated debate, spanning decades and involving some of the leading thinkers,
over the virtue of maximizing log wealth is centered on this very question; see MacLean,
Thorp, and Ziemba (2011) for a collection of papers on this topic.

Markowitz’s mean variance framework has roots in expected utility theory, partially
explaining its appeal. For lognormally distributed wealth, maximizing power utility of wealth
is equivalent to maximizing a mean variance utility function (Campbell and Viceira (2002)).
Because the power utility function is the dominant utility function in financial economics, this
equivalence strengthens the theoretical basis of the mean variance framework. In particular, a
feature of mean variance is that it is single period. While this is an apparent shortcoming, a
series of influential papers by Mossin (1968), Samuelson (1969) and Merton (1971) show
that for constant relative risk aversion and constant expected returns (i.e. returns are
independent and identically distributed – iid) the multiperiod investment problem is simply
a sequence of single period problems; see Ang (2014) for a clear nontechnical discussion of
this result. Furthermore, investors with logarithmic utility are myopic even if returns are
not iid. The myopic, single period feature of the mean variance framework is not, in the end,
a shortcoming after all.

Volatility as investment risk and myopia are the two pillars of the current paradigm. The
myopia result answers of the most enduring asset allocation questions – are stocks more
attractive in the long run? – with “no.” Nevertheless, the notion that stocks are more
attractive in the long run persists. For example, two well-known proponents of stocks for the
long run, Siegel (2002) and Campbell and Viceira (2002), use the mean reverting properties
of stocks to get around the myopia result.

From a volatility perspective, the notion that higher volatility portfolios are riskier than
lower volatility portfolios is powerful. So much so, that this powerful intuition can blind
us to the fact that volatility risk, while an important characteristic of a portfolio, is not
necessarily investment risk. A consequence is that two investors, identical in every way
except for their degree of volatility risk aversion, own different portfolios. But why should
this be? Why should an investor’s portfolio only depend on their psychological disposition

1In the presence of a risk free asset, and ignoring leverage costs, investors can also choose to hold a
combination of the “market portfolio” and the risk free rate.
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towards volatility risk? Shouldn’t an investor’s portfolio depend primarily on their needs
and circumstances?

An alternative to the volatility as risk approach is to place the investor’s needs and
circumstance at the heart of the investment problem. A simple framing of needs and
circumstance is to articulate what you need and when you need it. Investment risk is then
not having what you need when you need it. This definition of risk has two elements. First,
“not having what you need” translates into a total return target. The natural measure of
what you need is wealth, the difference between assets and liabilities. So not having what you
need means that assets do not meet liabilities. This definition of risk places the investment
portfolio in a balance sheet context, shifting the emphasis from subjective notions of risk
aversion and towards achieving an objective goal.

Framing the investment problem in terms of wealth is very general. In fact, it is hard
to imagine an investment problem that cannot be cast into a balance sheet framework.
Obvious examples include investors saving and investing for retirement, the net assets of
foundations and endowments, as well as the net assets of a pension portfolio. A less obvious
example is an asset manager trying to beat a benchmark. One advantage of framing the
investment problem in terms of wealth is that the liabilities determine the natural units of the
problem. For example, for the worker saving and investing for retirement the natural units
are consumption in retirement, whereas for the asset manager trying to beat a benchmark,
the natural units are the benchmark returns.

The second element of the definition of risk is “when you need it.” This element brings
investment horizon to the fore. The idea is very simple: if you have $1 today and you need
$2 in the future, it matters if that need is tomorrow or in ten years. Furthermore, if you
need $2, you are in a very different situation if you have $1 or if you have $1.99.

A useful way to characterize the combination of target wealth and horizon preferences –
i.e. what you need and when you need it – is to specify (i) a target compounding rate,
and (ii) an investment horizon. The target compounding rate, which can be absolute or
relative as its units are defined by the liabilities, is attractive as a statement of preference
because it ties directly to the purpose of investing, which is to compound wealth over time.
Furthermore, the compounding rate has units that are comparable to the units of the asset
returns, the building blocks of the portfolio that is the vehicle for compounding wealth. This
means that it is easy to see, a priori, if preferences are reasonable. For example, specifying a
target compounding rate of 10% per annum when the highest expected return is only 6% per
annum is clearly a scenario in which every reasonable portfolio has only a small chance of
achieving the target. Nevertheless, higher target compounding rates naturally favor higher
returning assets. And since asset volatility generally increases with asset returns, higher
target compounding rates naturally lead to portfolios with higher volatility. In this case,
the higher volatility is a consequence of a preference for return, an intuitive preference, in
contrast to the current paradigm in which volatility is a consequence of generic risk aversion,
a less intuitive preference.

But specifying a target level of wealth and investment horizon in the context of a utility
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function with constant relative risk aversion does not generate meaningful horizon sensitivity.
After all, the myopia result only depends on the constant relative risk aversion of the utility
function, assumptions about asset return dynamics notwithstanding. One way that constant
relative risk aversion breaks is if the investor’s attitude toward expected shortfall – falling
short of the target – is different from their attitude toward expected surplus – exceeding the
target. The notion that investors dislike shortfall more than they prefer surplus is intuitive
and is not new. For example, Fishburn (1977) studies expected utility from a shortfall
perspective, and the prospect theory result of Kahneman and Tversky (1979) documents
that people tend to dislike losses about twice as much as they like gains.

In this paper I show that combining asymmetric preferences with targets – level of wealth
and investment horizon – generates meaningful horizon sensitivity in the portfolio selection
problem. One of the noteworthy features of this horizon sensitivity is that it is strong even if
returns are iid. This means, for example, that for investors with strong aversion to shortfall
risk, stocks become more attractive relative to bonds as investment horizon increases. The
reason is that as horizon increases, stocks become more effective than bonds at reducing
expected shortfall. And this effect occurs even if returns are iid.

In the conventional power utility function, lower volatility is always preferable to higher
volatility.2 In the case of shortfall aversion, however, lower volatility is also preferable, but
only when the odds of exceeding the wealth target are favorable. When these odds are
unfavorable, lower volatility is not always better than higher volatility. Because unfavorable
odds occur when expected return is less than the target return, preference for higher volatility
can arise, in principle, in circumstances of low expected return relative to target return.
Unreasonable target returns relative to what are achievable are one way in which this
behavior can arise. A feature of the present framework is that it can raise flags – very
high expected shortfalls, for example – if preferences are unreasonable.

To explore the implications of defining investment risk as “what you need and when you
need it”, I begin with a utility function based on power utility over wealth. But I add two
ingredients: (i) target wealth at a well defined point in time, and (ii) different preferences
for shortfall and surplus. For concreteness, I assume that wealth is lognormally distributed,
although the basic conceptual ideas do not require this assumption. I only consider the
wealth target at a single point in time. In principle there are no issues with extending the
single point in time to a range of times, and I plan to explore this issue in a subsequent
paper. Finally, I employ an asset return model, that although simple, is rich enough to
capture mean reverting expected returns and the difference in the term structure of the
variance of returns between stocks and bonds.

I illustrate the approach by focusing on expected shortfall, i.e. utility for surplus is zero,
in the context of three examples. The first example is that of a single volatile asset and a
zero return, zero volatility store of wealth. I derive an approximate analytic formula for the
weight of the volatile asset which shows that weight goes to zero as horizon goes to zero,
weight increases with horizon, weight increases logarithmically with expected return, and

2The notion of investment risk as shortfall also provides another lens through which to view the risk
return relationship. I plan to address this tradeoff in another paper.
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weight is inversely proportional (up to logarithmic corrections) to volatility of the asset. I
contrast these characteristics with conventional power utility weights. The key differences
are that mean variance weights are independent of horizon and depend much more strongly
on both expected return and volatility. For the next two examples, I study portfolio selection
between stocks and bonds. I show that (i) optimal expected shortfall portfolios are intuitive
in that preference for the more volatile asset increases with both target return and horizon,
and (ii) for both constant and mean reverting expected returns, mean variance portfolios
react much more strongly to expected returns than do expected shortfall portfolios.

In Section 3 I introduce the utility function, define the model of asset returns, and apply the
model of asset returns to articulate wealth dynamics. In Section 4 I present the expected
utility objective function, focusing on both expected shortfall and expected surplus, and
discuss efficiency and optimization. Finally, in Section 5 I apply the shortfall framework to
both constant and time varying expected returns. I also compare expected shortfall portfolios
to conventional power utility portfolios.

2 Previous literature

Portfolio selection is the original subject of modern finance with a vast literature. A useful
review is Rubinstein (2002), and Rubinstein (2011, Pages 191-196) contains a nice summary
of the multiperiod literature. The first suggestion of variance as a measure of economic
risk is due to Fisher (1906). Markowitz (1952) recognized that while diversification reduces
variance it does not eliminate it. Roy (1952) independently developed a similar trade off
that emphasizes the investor’s preference for return above a minimum level. In later work,
Markowitz (1959) solves the multi-period expected utility of consumption using dynamic
programming. Merton (1969) extends the multi-period problem to continuous time while
Mossin (1968) and Samuelson (1969) introduce myopic utility functions. The accumulation
of empirical evidence for time varying expected returns spurred a renewed interest over the
last two decades, nicely summarized by Brandt (2010). Campbell and Viceira (2002, 2005)
explore the impact of time varying expected returns on portfolio choice and the intertemporal
substitution effects in a non-myopic utility framework. Recent research into multiperiod
optimization problems includes Li and Ng (2000), Basak and Chabakauri (2010), Czichowsky
(2013), and Björk and Murgoci (2014); Björk, Murgoci, and Zhou (2014).

One of the original articles on shortfall is Roy (1952), which emphasizes the investors
preference for return above a minimum level. Fishburn (1977) frames shortfall in a utility
theory context and discusses the relationship to the mean variance approach as well as
the connection to experiments on calibration of utility functions. The prospect theory of
Kahneman and Tversky (1979) modifies conventional utility by introducing a reference level
and assigning value to gains and losses. This reference level is analogous to target wealth.
Works that focus on shortfall from a return perspective include Leibowitz and Henriksson
(1989), Leibowitz and Kogelman (1991), and Harlow (1991), among others. None of these
works explicitly include the role of investment horizon. Finally, the recent paper by Vigna
(2014) compares mean variance to a target based approach with a quadratic loss function
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in the context of the accumulation phase of a defined contribution pension plan, including a
discussion of investment horizon.

3 The basics

3.1 Utility

The basic idea is that investment risk is not having what you need when you need it. Not
having what you need is defined relative to a target level of wealth. Imagine an investor
that has $1 today and needs $2 in the future. If she only ends up with $1.50, she has fallen
short of her target by 25%, a substantial amount. But if instead of $1.50 she ends up with
$1.99, she has still fallen short, but not by a particularly meaningful amount. A useful way
to characterize the sense of value for wealth below the target is via the shortfall function φ,
defined as

−φ(W ) =

sgn(λφ)

((
W

W∗

)λφ
− 1

)
, W < W

∗

0, W ≥ W
∗
,

(1)

where W
∗

is the target level of wealth and sgn(λ) = λ/|λ| is the sign function. The form
of this function, a power law in wealth W relative to the target W

∗
, is the dominant form

in financial economics. The parameter λφ, which controls the curvature of the function, is
conventionally characterized as a measure of risk aversion. If λφ = 1, then φ is linear and
falling short by 20% is twice as painful as falling short by 10%. More generally, for a fixed
level of wealth the pain of a shortfall is an increasing function of the curvature λφ. For wealth
above the target, the sense of value may differ from that below the target. Accordingly, the
surplus function π characterizes utility for wealth above the target and is defined as

π(W ) =

0, W < W
∗

sgn(λπ)

((
W

W∗

)λπ
− 1

)
, W ≥ W

∗
.

(2)

As for the shortfall function, the parameter λπ controls the curvature of the surplus function
and is conventionally characterized as a measure of risk aversion. If λπ = 1, then π is linear
and exceeding the target by 20% is twice as pleasurable as exceeding by 10%. More generally,
for a fixed level of wealth the pleasure of a surplus is an increasing function of the curvature
λπ. Combining shortfall φ with surplus π leads to the utility function

u(W ) = −αφφ(W ) + αππ(W ), (3)

where the constants αφ and απ control the weighting of shortfall and surplus. This function,
parametrized by the four constants, λφ, λπ, αφ, απ, nests a variety of cases. The conventional
power utility function is obtained by setting αφ = απ and λφ = λπ; prospect theory type
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functions, which penalize shortfall about twice as much they credit surplus, are obtained by
setting αφ ∼ 2απ and λφ = λπ; the safety first criterion of Roy (1952) is obtained by setting
λφ =∞, αφ > 0, απ = 0. Furthermore, the GuidedSavings utility function in Markowitz and
Blay (2016, Ch. 9) is a special case of Eq. (3).

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
W/W ∗

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

u
(W

)
λφ = 0.50
λφ = 1.00
λφ = 1.50
λφ = 2.00
λπ = 0.50
λπ = 1.00
λπ = −1.00
λπ = −2.00

Figure 1: Illustration of different shortfall utility functions for various preferences.

Given the utility function u(W ), the investor’s objective is to maximize expected utility
E[u(W )], where the expectation is taken over the distribution of wealthW . Defining expected
shortfall (a positive number) as Φ = E[φ(W )] and expected surplus as Π = E[π(W )], we can
write expected utility as a linear combination of expected shortfall and expected utility, i.e.

E[u] = −αφΦ + απΠ. (4)

Loosely speaking, maximizing expected utility is equivalent to simultaneously minimizing
expected shortfall and maximizing expected surplus, with weighting of shortfall and surplus
defined by αφ and απ.

The target wealth W
∗

defines the “what you need” element of the definition of investment
risk. The “when you need it” element defines the investment horizon. It is useful to
characterize these two elements in terms of a target compounding rate and the investment
horizon. Clearly, the combination of target compounding rate, in conjunction with the
starting level of wealth and investment horizon, defines the target level of wealth.

To make the “when you need it” element concrete, we need a model for asset returns,
discussed in detail in the following section. For concreteness and pedagogy I focus in this
paper on normally distributed returns, which implies that wealth is lognormally distributed.
For lognormally distributed wealth, the general form of Φ and Π are available in closed
form, with the explicit formulas given in Appendix B. However, the definition of expected
utility is very general in that it makes no assumptions about the distribution of wealth
and is therefore robust to the assumptions about asset returns. The key idea is that any
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investment problem can be cast into a balance sheet context, with the natural units defined
by the liabilities. Furthermore, implicit in the framework is the assumption that investors
are (asset) price takers. This means that there is no link between the assumptions about
returns and expected returns and an investor’s preferences. Assuming normally distributed
returns does not also mean that investor preferences are completely described by mean and
variance. In the present approach, an investor’s preferences are fully categorized by both
utility and wealth preferences. The four parameters αφ, απ, λφ, andλπ characterize the utility
preferences and the target wealth and investment horizon characterize wealth preferences.

3.2 Asset returns

Investors achieve their wealth objectives by investing in financial assets. The model of returns
and expected returns I present is rich enough to capture term structure of expected returns,
as well as the historical shape of the variance of returns for both stocks and bonds as a
function of return horizon. The model nests both constant expected returns (i.e. flat term
structure of discount rates, iid returns) and mean reverting expected returns.

I assume that the geometric return of each of N assets follows

d lnRi(t) = ri(t)dt+ σRidB
R
i (t), (5)

where σRi ≥ 0 is the annualized return volatility of asset i and dBR
i (t) is standard Brownian

motion with mean zero and variance dt. The noise terms dBR
i (t) are temporally uncorrelated

Wiener increments and have contemporaneous cross sectional correlations ρRRij so that
E[dBR

i (t)dBR
j (t)] = ρRRij dt. The discount rate process ri(t) follows the continuous time version

of an AR(1) process, i.e.

dri(t) = θi (r̄i − ri(t)) dt+ σridB
r
i (t), (6)

where r̄i is the equilibrium expected return for asset i, θi is a positive constant that char-
acterizes the speed of mean reversion, and σri is a non-negative constant that characterizes
the conditional volatility of the discount rate process. The noise term dBr

i (t) driving the
discount rate process has mean zero, is temporally uncorrelated, and has contemporaneous
cross sectional correlation E[dBr

i (t)dB
r
j (t)] = ρrrij dt. Furthermore, the contemporaneous

correlation between dBR
i (t) and dBr

j (t) is given by E[dBR
i (t)dBr

j (t)] = ρRrij dt.

The correlation between actual returns and expected returns affects the term structure of
return volatility. The variance of total return lnRi(T ) =

∫ t+T
t

d lnRi(t
′) over horizon T is

given by

Var(lnRi(T )) =

(
σ2
ri

θ3
i

+ 2
σriσRiρ

Rr
ij

θ2
i

+
σ2
Ri

θi

)
θiT −

(
σ2
ri

θ3
i

+ 2
σriσRiρ

Rr
ij

θ2
i

)(
1− e−θiT

)
(7)

For constant expected returns, i.e. no mean reversion, we have σri = 0 so that
Var(lnRi(T )) = σ2

RiT , the familiar linear form. For σri > 0, in the limit of short horizons,
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i.e. θiT � 1, the expression for variance again reduces to the familiar linear form
Var(lnRi(T )) = σ2

RiT . But for longer horizons, the shape is governed by the correlation
ρRrij between returns and expected returns.

For the stock bond correlations, I take both return and expected return correlations to be
zero, so that ρRRij = ρrrij is the 2x2 identity matrix. For ρRrij I set the off diagonal elements to
zero. I estimate the diagonal elements by finding the best fit to the historical variance using
historical estimates of the parameters in Eq. (7) for Var(lnRi(T )). The best fit parameters
are -0.78 for stocks and 0.51 for bonds. In Fig. 2 I show actual and best fit variance of returns
for both stocks and bonds. The curves for stocks and bonds are interestingly different in
that stock variance has negative curvature and bond variance has positive curvature. The
negative correlation of -0.78 for stocks captures the negative stock curvature, and the positive
bond correlation of 0.51 captures the positive bond curvature. Table 1 summarizes the asset
model parameters.

Table 1: Model parameters

Parameters describing return and discount rate dynamics. The subscript i denotes asset
index.

Parameter Description

ri(t
′) Term structure of discount rate for t ≤ t′ ≤ T

r̄i Average discount rate
θi Discount rate mean reversion speed
σRi Conditional return volatility
σri Conditional discount rate volatility
ρRRij Return correlation
ρrrij Discount rate correlation
ρRrij Return-discount rate correlation

3.3 Wealth

In this section I apply the asset return model of the prior section to wealth dynamics.
If an investor starts with wealth W (t) at time t and invests xi(t

′)W (t′) in asset i (with∑
i xi(t

′) = 1) for times t′ between t and t+ T , then wealth at time t+ T relative to wealth
at time t, i.e. WT = W (t+ T )/W (t), is given by

WT = eγT+BT (8)
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Figure 2: Variance of returns (Var(lnRi(T ))) for stocks and bonds as a function of horizon
T .

where

γT [x] =

∫ t+T

t

(∑
i

xi(t
′)

(
ri(t

′) +
1

2
σ2
Ri

)
− 1

2

∑
ij

xi(t
′)xj(t

′)σRiσRjρ
RR

ij

)
dt′ (9)

BT [x] =

∫ t+T

t

∑
i

xi(t
′)σRidB

R
i (t′). (10)

The bracket notation, e.g. γT [x], emphasizes that γT and BT are functionals of xi(t
′). For

notational simplicity, I suppress the dependence of WT , γT , and BT on initial time t, and the
T subscript on these variables emphasizes their dependence on the investment horizon T .

The sources of randomness are the dBR
i and dBr

i Wiener increments. While the dependence
on dBR

i in Eq. (10) is explicit, the dependence on dBr
i is contained within ri(t

′), the discount
rate over the investment horizon. It is useful to think of ri(t

′) as the term structure of
discount rates, which we get by integrating Eq. (6) from t to t + T with initial condition
ri(t).

Because all of the random variables that define lnWT are normally distributed random
variables, the distribution of WT is lognormal. Specifically, the mean of lnWT is

γ̄T = Et[γT ] (11)

and the variance of lnWT is

σ̄2
T = Vart(BT ) + Vart(γT ) + 2 Covt(γT , BT ), (12)
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where the t subscript on Et[·], Vart(·), and Covt(·) denotes expectations conditional on time
t information. Explicit expressions for Vart(BT ), Vart(γT ), and Covt(γT , BT ) are given in
Eqs. (A.12), (A.13), and (A.14) in Appendix A. Both γ̄T and σ̄T naturally incorporate the
investment horizon T and the term structure of discount rates, i.e. they depend explicitly
on r(t′) for t ≤ t′ ≤ t + T . Note that both γ̄T and σ̄T are extensive in T , i.e. they are not
annualized. Not annualizing these values emphasizes the importance of investment horizon.

In addition to depending on the conventional measure of portfolio variance Vart(BT ), the
variance σ̄2

T depends on two other quantities. The first, Vart(γT ), reflects variation from
mean reverting discount rates. The second, Covt(γT , BT ), captures the covariance between
actual returns d lnRi(t) and expected returns ri(t).

4 Expected utility

In the following section I apply the dynamic model of wealth described in Section 3.3 to
the basic utility function described in Section 3. In Section 4.2 I study the basic structure
of expected shortfall and expected surplus. We will see that maximizing expected surplus
on its own, without any aversion to shortfall, is an uninteresting portfolio selection as it is
unbounded and always favors volatile assets. In Section 4.3 I discuss some of the optimization
issues.

4.1 Expected shortfall and surplus

The two building blocks of expected utility are expected shortfall and expected surplus.
Aversion to shortfall is characterized by αφ, the weighting of shortfall in expected utility,
and by λφ, the curvature of shortfall as a function of wealth. Similarly, attraction to surplus is
characterized by απ, the weighting of surplus in expected utility, and by λπ, the curvature of
surplus as a function of wealth. The collection of these four parameters defines the investor’s
utility preferences. In addition, target wealth, or equivalently target compounding rate, in
conjunction with investment horizon, define the investor’s wealth preferences.

The normality of lnWT allows for the explicit computation of expected shortfall and expected
surplus as a function of the investor’s utility and wealth preferences, as well as the properties
of the assets available for investment. The expression for expected shortfall can be written
as (other expressions are given in Appendix B)

Φ = sgn(λφ)

{
N

(
γ∗T − γ̄T
σ̄T

)
−
(
eλφ(γ̄T−γ

∗
T )+ 1

2
λ2φσ̄

2
T

)
N

(
γ∗T − γ̄T
σ̄T

− λφσ̄T
)}

, (13)

where γ∗T = lnW
∗
T = lnW

∗
(t + T )/W (t) and N(·) is the cumulative standard normal
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distribution function. A similar expression holds for expected surplus,

Π = sgn(λπ)

{
−N

(
−γ

∗
T − γ̄T
σ̄T

)
+
(
eλπ(γ̄T−γ

∗
T )+ 1

2
λ2πσ̄

2
T

)
N

(
−γ

∗
T − γ̄T
σ̄T

+ λφσ̄T

)}
, (14)

Expected shortfall Φ and expected surplus Π depend on the utility preference parameters λφ
and λπ, respectively, and the three quantities: (i) target return γ∗T = lnW

∗
(t+T )− lnW (t),

(ii) expected return γ̄T , and (iii) expected volatility σ̄T . The parameter γ∗T is the required
total geometric return and expresses the investor’s preference for target wealth W

∗
(t + T )

at time t + T given initial wealth W (t) at time t. The quantities γ̄T and σ̄T are defined in
Section 3.3 and Appendix A and are functionals of the asset weights xi(t

′); these are the
decision variables that the objective function Φ is minimized over.

A feature of the objective functions as expressed in Eqs. (13) and (14) is that they are
superficially similar to the Black-Scholes expressions for the price of European options. This
is not a surprise, given that shortfall and surplus as defined in Eqs. (1) and (2) have similar
shapes to that of the payoffs European options with strike prices equal to target wealth.
Expected shortfall and surplus thus have a rich structure with respect to volatility that I
discuss in more detail in Section 4.2.

The expressions for expected shortfall and expected surplus can be cast in more intuitive

terms by expressing it in terms of probabilities and expected value Et[W
λφ
T ]. Focusing on

expected shortfall for illustrative purposes, we can write expected shortfall as

Φ = P
(
WT < W

∗
T

)
−

[
Et[W

λφ
T ]

(W ∗
T )

λφ

]
P
(
WT < W

∗
T e
−λφσ̄2

T

)
, (15)

where Et[W
λφ
T ] is the expected value of wealth at t + T relative to wealth at t raised to the

power of λφ, and P (WT < X) is the probability that WT = W (t + T )/W (t) is less than X.
Comparing the first term of Eq. (13) with the first term of Eq. (15) we see that if γ̄T > γ∗T
then the odds are favorable (P > 1/2) that wealth exceeds the target, but if γ̄T < γ∗T then
these odds are unfavorable (P < 1/2).

The first term on the right hand side of Eq. (15) is the probability that WT is less
than the target W

∗
T = W

∗
(t+ T )/W (t). Minimizing this term therefore amounts to

minimizing the probability of falling short of the wealth target. Because the cumulative
normal is monotonically increasing, minimizing P

(
WT < W

∗
T

)
is equivalent to maximizing

(γ̄T − γ∗T )/σ̄T . The objective of maximizing this quantity has a history that dates back to
Roy (1952), who framed the problem in terms of the safety first criteria, an approach closely
related to the mean variance work of Markowitz (1952). Both the mean variance and shortfall
probability objectives are mean variance efficient in the sense that higher return is always
preferable to lower return and lower volatility is always preferable to higher volatility.

The second term on the right hand side of Eq. (15) is the expected value Et[W
λφ
T ], discounted

by the probability that WT < W
∗
T e
−λφσ̄2

T . The expected value term favors variance, and the
probability term penalizes it. The combination of these two factors leads to a rich structure
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with respect to how expected shortfall Φ depends on σ̄T .

4.2 Structure and efficiency

Expected shortfall Φ and expected surplus Π are universal functions of two quantities:
γ̄T − γ∗T , and σ̄T . The range of γ̄T − γ∗T is infinite and σ̄T is greater than or equal to zero.
The contour plots in Figs. 3 and 4 show contours of equal Φ and Π as a function of these
two variables. We see that, consistent with intuition, expected shortfall Φ is a monotonically
decreasing function of γ̄T −γ∗T and expected surplus Π is a monotonically increasing function
of γ̄T−γ∗T . This is a consequence of the facts that ∂Φ/∂(γ̄T−γ∗T ) < 0 and ∂Π/∂(γ̄T−γ∗T ) > 0,
which follow easily from direct computation.
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Figure 3: Contours of equal expected shortfall Φ as a function of γ̄T−γ∗T and σ̄T . The dashed
curves are valleys defined by ∂Φ/∂σ̄T = 0. For fixed γ̄T − γ∗T , points on this curve minimize
Φ with respect to σ̄T . For points above and to the right of the valley, Φ increases with σ̄T ,
but for points below and to the left, Φ decreases with σ̄T .

While higher expected return γ̄T always leads to lower expected shortfall Φ, lower volatility
σ̄T does not. Recall that lower shortfall is more desirable than higher shortfall. For high
return scenarios in which expected return exceeds the target return, lower σ̄T is always
preferable to higher σ̄T . For fixed γ̄T − γ∗T > 0 the minimum of Φ over σ̄T is at σ̄T = 0.

On the other hand, for low return scenarios in which expected return is less than the
target, lower volatility is not always preferable to higher volatility. This is because for
fixed γ̄T − γ∗T < 0, expected shortfall Φ has a minimum over σ̄T for some positive σ̄T . The
collection of these solution points for different values of γ̄T−γ∗T in the lower half plane is shown
as the dashed curves in Fig. 3. These curves are defined by ∂Φ/∂σ̄T = 0 for γ̄T −γ∗T < 0. For
the case of λφ = 1, the interpretation is that when the odds of wealth exceeding the target
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Figure 4: Contours of equal expected surplus Π as a function of γ̄T −γ∗T and σ̄T . The dashed
curves are valleys defined by ∂Π/∂σ̄T = 0. For fixed γ̄T − γ∗T , points on this curve minimize
Π with respect to σ̄T . For points above and to the left of the valley, Π decreases with σ̄T ,
but for points below and to the right, Π increases with σ̄T .

are unfavorable, lower volatility is not always better than higher volatility. Furthermore, as
λφ increases the region of preference for higher volatility grows as well, as is evident by the
increasing slope of the dashed curves in the four subplots of Fig. 3.

Points above and to the right of the valleys defined by ∂Φ/∂σ̄T = 0 are efficient in the sense
that Φ is a decreasing function of γ̄T − γ∗T and an increasing function of σ̄T . Points below
and to the left of the valleys are such that, holding γ̄T − γ∗T constant, decreasing σ̄T actually
increases Φ. Points at the bottom of the valley minimize Φ with respect to σ̄T for fixed
γ̄T − γ∗T < 0.

In the region of efficiency, i.e. the points above and to the right of the right of the valleys
illustrated in Fig. 3, for a fixed horizon T we can think of the efficient frontier in much the
same way as the conventional mean variance efficient frontier. For optimal Φ, the return
target γ∗T traces the efficient frontier in the same way that the risk aversion parameter traces
the frontier in the conventional approach. The key idea is that minimizing Φ determines
the appropriate location on the efficient frontier, given an investor’s preferences with respect
to the what and when of wealth. Furthermore, if expected returns vary over time then
the efficient frontier also changes with time, and optimal expected shortfall portfolios move
along the efficient frontier in a manner consistent with the what and when objectives of the
investor.

Turning now to expected surplus, we see in Fig. 4 that, for the most part, Π is an increasing
function of σ̄T . Direct calculation shows that ∂Π/∂σ̄T = 0 if λπ < 0, as illustrated in the
bottom two panels in Fig. 4. But these stationary points ∂Π/∂σ̄T = 0 are minima, not
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maxima. This means that surplus is an increasing function of both γ̄T − γ∗T and σ̄T , i.e.
the maximum surplus problem is unbounded. Maximizing expected surplus Π without any
reference to shortfall Φ (i.e. setting αφ = 0) is therefore an uninteresting problem from a
portfolio selection perspective.

4.3 Optimization and rebalancing

The variables γ̄T and σ̄T are functionals of the weights xi(s) for t ≤ s ≤ t + T . These are
the investor’s decision variables. The optimal portfolio is obtained by maximizing (subject
to constraints) expected utility −αφΦ +απΠ, where Φ is expected shortfall given in Eq. (13)
and Π is expected surplus given in Eq. (14), with respect to the xi(t

′) for t′ between t and
t+ T .

The building blocks of the objective function, Φ and Π, are functionals of the portfolio
weights xi(t

′) for times t′ between t and t+ T . In principle, the optimal weights satisfy the
functional first order condition δ(−αφΦ + απΠ)/δxi(t

′), where δxi(t
′) is a suitable variation.

In Section 5.1 I derive the functional first order condition for the case of a single volatile
asset with constant expected returns. More generally, however, for numerical calculations
the optimization approach I take is to discretize time into NT units of duration ∆t = T/NT

so that tj = t+ j∆t and xi,tj = xi(t+ j∆t) for j = 0, . . . , NT − 1. The optimization problem
is then a straightforward minimization of the expected utility objective function with respect
to the variables xi,tj , subject to appropriate constraints.

This optimization procedure, known as the pre-commitment method (see Björk and Murgoci
(2014)), generates optimal weights x∗i,tj |t0 that span the entire investment horizon defined by
the times tj. The t0 in the subscript of x∗i,tj |t0 indicates that these optimal weights depend on

the time-t0 information set, i.e. knowledge of wealth W (t0) at time t0 and the term structure
of expected returns over the horizon [t0, . . . , tN−1]. At time t0, the initial time, the investor
holds the portfolio defined by x∗i,t0|t0 .

The optimal weights generated at time t0 but for times greater than t0, i.e. x∗i,tj |t0 for j ≥ 1,

incorporate the uncertainty in wealth (and expected returns if they are time varying) at
these later times. As time elapses, rather than trading to the time-t0 optimal weights x∗i,tj |t0 ,
the investor should re-optimize to account for new information, and then rebalance to the
new optimal weights. For example, at time t1 the investor has knowledge of wealth at t1 (and
possibly updated expected returns). Optimizing at time t1 using the updated information
set generates optimal weights x∗i,tj |t1 , allowing the investor to rebalance to the new optimal
weights x∗i,t1|t1 .

5 Applications

The main theme of this paper is that horizon sensitivity arises from (i) wealth and horizon
targets, and (ii) asymmetric preferences between expected shortfall and expected surplus.
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As shown in Section 4.2 expected surplus as an objective is uninteresting because there is no
meaningful tradeoff between expected return and volatility. Therefore, in this section I focus
on the portfolios that result from minimizing expected shortfall Φ. For comparison, I use
the power utility function characterized by (αφ = απ, λφ = λπ) as a reference point for the
conventional approach. Table 2 summarizes the conventional and expected shortfall results
for both constant expected return models (i.e. iid returns) and mean reverting expected
return models that are illustrated in the following sections.

Table 2: Preferences and return models

Power utility Expected shortfall

Constant
expected returns

No horizon dependence, strong
sensitivity to expected returns

Strong horizon dependence, weak
sensitivity to expected returns

Mean reverting
expected returns

Very weak horizon dependence,
strong sensitivity to expected re-
turns

Strong horizon dependence, weak
sensitivity to expected returns

An important feature of the pure shortfall utility function is that even though this function
gives no credit for wealth above target (i.e. απ = 0), defining the investment problem in
terms of minimizing expected shortfall does not mean that return – the natural complement
to risk – is ignored. Because shortfall is defined relative to the wealth target, the desired
level of wealth relative to initial wealth embodies the investor’s return needs.

In the following sections I first illustrate the expected shortfall approach for the simple case
of a single, volatile asset with constant expected returns. Then I consider two assets, stocks
and bonds, for both constant and mean reverting expected returns. I work in real terms so
that all asset model parameters are in annualized, real units. The S and B subscripts denote
stocks and bonds.

5.1 Single volatile asset with constant expected returns

In this section I study the problem of an investor with horizon T and target compounding rate
γ∗T/T . There are two assets available for investment. The first asset has expected geometric
return r̄ and conditional volatility σ so that µ = r̄+ 0.5σ2 is the expected arithmetic return.
The second asset has zero expected return and zero volatility. We can think of this second
asset as simply a store of wealth. The weight in the volatile asset therefore represents the
fraction of wealth invested in the volatile asset, with the remainder invested in the store of
wealth.

The optimal stock weight x∗(t′) over the investment horizon solves the functional first order
condition δΦ/δx(t′)|x∗(t′) = 0. A straightforward calculation of the functional derivative of
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Φ leads to the result that (i) the optimal weight is independent of horizon, i.e. x∗(t′) = x∗,
and (ii) that the optimal weight x∗ satisfies√

2σ2

πT
= sgn (x∗)

(
µ+ (λφ − 1)σ2x∗

)
erfcx

(
z∗2√

2

)
, (16)

where

z∗2 =
γ̄T (x∗)− γ∗T
σ̄T (x∗)

+ λφσ̄T (x∗), (17)

the symbol π on the left hand side of Eq. (16), not to be confused with the function π(W ) in
Eq. (2), represents the irrational number 3.14159..., and erfcx(·) is the scaled complementary
error function. Furthermore, because the optimal weight is independent of horizon, the
variance and expected value of log wealth are given by

σ̄T (x∗) = x∗σ
√
T , (18)

γ̄T (x∗) = x∗µT − 1

2
σ̄2
T (x∗). (19)

In general, Eq. (16) must be solved numerically. However, for short horizons, i.e. for horizons
T . (2/π)(σ/µ)2, the argument of the scaled complementary error function is large and
negative. In this limit an approximate formula for the optimal weight for λφ = 1 is

x∗0 ≈ sgn(µ)
γ∗

σ

T 1/2√
ln σ2

πµ2T

, (20)

where γ∗ = γ∗T/T is the annualized target compounding rate. There are three notable
characteristics of x∗0 for short horizons. First, the expression clearly illustrates the optimal
shortfall asset weight depends directly on investment horizon T . In particular, x∗0 goes to zero
as horizon T goes to zero, and x∗0 is an increasing function of horizon T . Second, the optimal
stock weight x∗0 is an increasing function of expected arithmetic return µ. However, the
dependence is weak in that it is logarithmic. Third, x∗0 is a decreasing function of volatility
σ, depending, up to logarithmic corrections, inversely on σ.

These three characteristics are very different from the corresponding conventional power
utility solution. For the conventional problem, the optimal weight is independent of horizon,
linear in expected return, and inversely proportional to σ2. The horizon independence is in
stark contrast to the dominant T 1/2 dependence of x∗, the linear dependence on µ is much
stronger than the logarithmic dependence of x∗0, and the 1/σ2 dependence is much stronger
than the 1/σ dependence of x∗0.

The explicit dependence on horizon T is especially noteworthy because it occurs in a model
with constant target compounding rate and constant expected returns (i.e. asset returns are
iid). While contrary to the myopic result using a conventional power utility function, this
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result is intuitive: if you need your wealth tomorrow, don’t invest in stocks. But as horizon
grows, stocks become more effective at reducing expected shortfall.
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Figure 5: The top figure plots optimal power utility and expected shortfall weights as a
function of (arithmetic) expected return µ for σ = 0.175 and γ∗ = γ∗T/T = 0.05. The bottom
figure plots optimal power utility and expected shortfall weights as a function of volatility σ
for µ = 0.075 and γ∗ = 0.05. For both figures, the solid lines are the power utility weights
for λ = −2. The other lines are optimal expected shortfall weights for horizons of one, ten,
and 100 years.

Now consider the optimal weight for long horizons and γ∗ ≥ 0. In this case, the argument of
the scaled complementary error function is large and positive. In this limit an approximate
formula for the optimal weight is

x∗∞ = sgn(µ)

√
2γ∗

σ
. (21)

We can gain insight into this solution by computing the probability of shortfall, which is
determined by the quantity (γ̄T − γ∗T )/

√
2σ̄T . As this quantity goes to positive infinity
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the probability of shortfall goes to zero, and as this quantity goes to negative infinity the
probability of shortfall goes to one; see Eq. (13). For the long horizon optimal weight x∗∞,
we have

γ̄T (x∗∞)− γ∗T
σ̄T (x∗∞)

=
√
T

(
1−

√
γ∗

γ∗c

)
, (22)

where

γ∗c =
µ2

2σ2
. (23)

Thus, if γ∗ < γ∗c , the probability of shortfall, and therefore expected shortfall goes to zero
as horizon goes to infinity. Similarly, if γ∗ > γ∗c , the probability of shortfall, and therefore
expected shortfall goes to one as horizon goes to infinity. The cutoff γ∗c therefore separates
those values of γ∗, that in the infinite time limit, are guaranteed to exceed the target, from
those that are guaranteed to fall short. Even though the probability of a shortfall goes to
zero as horizon goes to infinity for all γ∗ < γ∗c , the time required to achieve a particular
probability of exceeding the target increases with the level of the target compounding rate
γ∗. This highlights the importance of the target wealth and horizon in determining the
optimal portfolio.

To illustrate the difference between optimal power utility and expected shortfall portfolios,
the following figures show optimal asset weights as a function of expected return µ and
volatility σ. The optimal power utility weights are for λφ = λπ = λ = −2. The
optimal expected shortfall weights are computed by solving Eq. (16) numerically for target
compounding rate γ∗ = γ∗T/T = 0.05. We see clearly in these two figures that the expected
shortfall weights are much less sensitive to both expected return and volatility than are
the power utility weights. Furthermore, in the top figure, which illustrates sensitivity to
expected return µ, we see clearly the logarithmic character of the dependence on µ as given
in the analytic expression, Eq. (16). For long horizons, e.g. T = 100, we also see the optimal
weight approach the asymptotic value x∗∞ given in Eq. (21).

Finally, to illustrate the sensitivity of x∗ to the parameter λφ Fig. 6 plots the optimal weight
as a function of λφ for target compounding rate γ∗T/T = 0.05 and various values of investment
horizon T . We see that the optimal stock weight x∗ is an increasing function of λφ.

5.2 Two assets with constant expected returns

Constant expected returns mean that the term structure of expected returns is flat and not
random, i.e. ri(t) = r̄i and σri = 0. In this case weights xi are independent of time so that
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Figure 6: The optimal weight x∗ as a function of λφ obtained by solving Eq. (16) for target
compounding rate γ∗T/T = 0.05 and various values of T .

the mean and variance of log wealth at horizon T are given by

γ̄T = T
∑
i

xi

(
r̄i +

1

2
σ2
Ri

)
− 1

2
σ̄2
T (24)

σ̄2
T = T

∑
ij

ρRRij σRiσRjxixj. (25)

For comparison, I compare the shortfall results to the power utility objective function, i.e.
αφ = απ and λφ = λπ = λ.

Table 3: Stock and bond parameter values

Stock and bond real return parameters for the constant expected return model. Values are
in annualized units. The return correlation is zero so ρRRij is the 2× 2 identity matrix.

Parameter Stocks Bonds

r̄ 0.060 0.025
σR 0.175 0.073

Table 3 contains the stock and bond model parameters. These (stylized) numbers are
consistent with the historical moments of real returns for stocks and bonds in the United
States. Working in real units implies that the wealth target is also expressed in real terms.

The target compounding rate and investment horizon characterize investor preferences in
the expected shortfall framework. The left panel of Table 4 shows the expected shortfall
optimal weight in stocks for different combinations of target compounding rate γ∗T/T and
investment horizon T , measured in years. For comparison, the right panel shows the optimal
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stock weights for power utility with different values of λ. The optimization constrains the
weights so that weights sum to one.

Table 4: Stock weights for constant expected returns

The left panel shows stock weights for expected shortfall optimizations (i.e. minimize Φ)
for λφ = 1 and different combinations of target compounding rate γ∗T/T and horizon T (in
years). The right panel shows optimal stock weights for power utility (i.e. utility function
with αφ = απ and λφ = λπ = λ) for different values of the parameter λ.

Expected shortfall Power utility

Stock weight

γ∗T/T T = 1 T = 3 T = 5 T = 7 T = 10 T = 20 λ Stock weight

0.02 0.24 0.29 0.31 0.33 0.35 0.38 -5 0.37
0.03 0.25 0.31 0.35 0.38 0.41 0.47 -4 0.41
0.04 0.26 0.34 0.40 0.44 0.49 0.59 -3 0.48
0.05 0.28 0.38 0.46 0.52 0.59 0.74 -2 0.59
0.06 0.29 0.43 0.53 0.61 0.70 0.89 -1 0.81
0.07 0.31 0.49 0.61 0.71 0.82 1.04 -0.5 1.03

Table 4 illustrates the two dimensional nature of the present framework. The basic pattern
is that the weight in the riskier asset – stocks – increases with both target compounding rate
γ∗T/T and investment horizon T . For low return target, sensitivity to horizon is relatively low:
for γ∗T/T = 0.02, stock weight for T = 1 is 0.24, and rises to 0.38 for T = 20. But for larger
return target stock weights are more sensitive to horizon. For example, for γ∗T/T = 0.05,
weight for T = 1 is 0.28, not much larger than the corresponding weight for γ∗T/T = 0.02.
But for T = 20, the weight is 0.74, compared to the corresponding γ∗T/T = 0.02 weight
of 0.38. Similarly, we see in the table that for short horizons, stock weights are relatively
insensitive to total return target, but sensitivity increases with lengthening horizon.

Also evident in Table 4 is that different combinations of target compounding rate and
investment horizon lead to the same portfolio. For example, both (γ∗T/T = 0.05, T = 3)
and (γ∗T/T = 0.02, T = 20) correspond to portfolios with stock weight of 0.38. Furthermore,
different combinations of return target γ∗T and horizon T map to the same power utility
parameter λ. Thus, there is not a unique relationship between expected shortfall preferences
and conventional risk aversion.

Figure 7 further illustrates how some of the portfolios from Table 4 fit into the expected
shortfall contour plot of Fig. 3. We see that as horizon grows, the portfolios move up and
to the right, as expected. For each horizon shown, the upper left point has the smallest
target return, and the lower right point the largest target return. In this example, none of
the portfolios falls to the left of the dashed line which defines the valley that separates the
region of increasing and decreasing shortfall with respect to variance. All of these portfolios
are in the γ̄T -σ̄T efficient region. But in general, this need not be the case.
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Figure 7: Contours of equal expected shortfall Φ as a function of γ̄T−γ∗T and σ̄T . Overlaid on
this plot are the γ̄T − γ∗T and σ̄Tvalues for optimal expected shortfall portfolios for horizons
of 3, 5, 10, and 20 years shown in Table 4. The dashed curve is the valley defined by
∂Φ/∂σ̄T = 0.

To illustrate the sensitivity of the results in Table 4 to changes in expected returns, Figure 8
plots the change in stock weight generated by a change in the average expected real return
on stocks. The vertical axis is the weight in stocks relative the weight for stock expected
return of 0.06. The dashed line in the figure corresponds to power utility with λ = −2, and
the solid line to expected shortfall with γ∗T/T = 0.05 and T = 10. Table 4 shows that the
stock weights for these two cases are roughly comparable at about 60%. However, Figure 8
clearly demonstrates that the power utility weights react more strongly to changes in average
expected returns than do the expected shortfall weights. Also notable is that the sensitivity
for the expected shortfall optimal weights do not depend strongly on horizon T .

21

Electronic copy available at: https://ssrn.com/abstract=2854336



-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04
r(t)− 0.06

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

D
ev
ia
ti
on

of
st
o
ck

w
ei
gh

t
fr
om

w
ei
gh

t
at

r̄
=

0.
06

Constant expected returns

Φ(T = 1,λφ = 1)
Φ(T = 10,λφ = 1)
Power utility (λ = −2)

Figure 8: Sensitivity of stock weights to changing expected return on stocks for stock returns
that are iid. Base values for stocks and bonds are: r̄ = (6%, 3%), σR = (16%, 8%), and
correlation of zero. The solid line and dashed lines are for expected shortfall with λφ = 1
and target compounding rate γ̄T/T = 0.05 for investment horizons of T = 1 and t = 10
years. The dotted line is for power utility with λ = −2. The horizontal axis is r̄S − 6% and
the vertical axis is the weight in stocks relative to the weight for r̄S = 6%.
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5.3 Two assets with mean reverting expected returns

In this section I assume that expected returns are time varying. Table 5 contains the asset
return parameters. These parameters are motivated by the results for single factor models
of mean reverting discount rates which show that return volatility is related to discount rate
volatility by the mean reversion speed (see Tarlie (2013)). In particular, for these models
we have σRi = σri/θi. If we take the conditional volatility of expected returns for stocks and
bonds to be 2% and leave σR as in the previous example, this implies mean reversion periods
(1/θi) of eight years for stocks and four years for bonds. See Section 3.3 for details of the
model for time varying expected returns.

First consider the case of a flat term structure. In this case, discount rates are constant
across the investment horizon and are equal to the long run average (i.e. equilibrium)
so that ri(t

′) = r̄i for all t′ ∈ [t, t + T ]. This situation is different from the constant
expected return example in the previous section because discount rate volatility is not zero,
i.e. σri 6= 0. This discount rate volatility means that the variance of log wealth (σ̄2

T ) differs
from the conventional measure of portfolio volatility. In particular, the two terms Vart(γ̄T )
and Covt(γ̄T , BT ) in Eq. (12) are nonzero.

Table 5: Stock and bond parameter values

Stock and bond real return parameters for time varying expected returns. Values are in
annualized units. The return correlation is zero so ρRRij is the 2× 2 identity matrix. For the
discount rate correlations I take ρRrij = diag(−0.78, 0.51). See Section 3.3 for details of the
model for time varying expected returns.

Parameter Stocks Bonds

r̄ 0.060 0.025
σR 0.175 0.073
σr 0.015 0.015
θ 0.086 0.21

The left panel of Table 6 shows the weight in stocks for different combinations of target
compounding rate γ∗T/T and investment horizon T . The right panel shows, for comparison,
power utility optimal weights for different values of λ and two horizon values, T = 1 and
T = 10. These power utility results generalize the results of Kim and Omberg (1996),
which apply to the case of a single risky asset, to the case of multiple risky assets. As in the
previous section, the objective functions are optimized subject to the constraint that weights
sum to one. Comparing the results for the time varying expected returns with those from the
previous section for constant expected returns, we see that for both the expected shortfall
utility and the power law utility functions the weight in stocks is higher for time varying
expected returns than for constant expected returns. The main result from this table is that
expected return volatility leads to higher stock weights for all combinations of total return
target and horizon.
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Now consider the case where the discount rate ri(t) at time t is not equal to the average r̄i.
For mean reverting discount rates, if ri(t) > r̄i the term structure is downward sloping and if
ri(t) < r̄i the term structure is upward sloping. The solid and dashed lines in Figure 9 show
the optimal expected shortfall weight in stocks for target compounding rate γ∗T/T = 0.05
and horizons T = 1 and T = 10 as a function of the time-t stock discount rate r(t) relative to
0.06. The dotted and dashed-dotted lines in Figure 9 show, for comparison, the pure power
utility results for the same horizons T = 1 and T = 10 and λ = −2. We see that for both
expected shortfall and pure power law, sensitivity to expected return increases with horizon.
We also see the same pattern as in the previous section, viz. power utility is much more
reactive to changing expected return on stocks than is expected shortfall. Note also that
the shape of the expected shortfall weights is characteristic of the logarithmic dependence
illustrated in Eq. (20) for the case of a single volatile asset.

Table 6: Stock weights for time varying expected returns

The left panel shows stock weights for expected shortfall optimizations (i.e. minimize Φ)
for λφ = 1 and different combinations of target compounding rate γ∗T/T and horizon T (in
years). The right panel shows stock weights for power utility optimizations (i.e. αφ = απ
and λφ = λπ = λ) for different values of the volatility risk aversion parameter λ. Stock and
bond properties are shown in Table 5, with ri(t

′) = r̄i for all t′ ∈ [t, t+ T ] but with σri > 0.

Expected shortfall Power utility

Stock weight Stock weight

γ∗T/T T = 1 T = 3 T = 5 T = 7 T = 10 T = 20 λ T = 1 T = 10

0.02 0.28 0.38 0.46 0.51 0.58 0.72 -5 0.40 0.59
0.03 0.29 0.41 0.49 0.55 0.63 0.77 -4 0.45 0.64
0.04 0.30 0.43 0.53 0.60 0.69 0.85 -3 0.51 0.70
0.05 0.31 0.47 0.58 0.67 0.76 0.95 -2 0.62 0.81
0.06 0.33 0.51 0.64 0.74 0.86 1.06 -1 0.84 1.00
0.07 0.35 0.56 0.72 0.83 0.96 1.19 -0.5 1.06 1.18
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Figure 9: Sensitivity of stock weights to changing expected return on stocks for mean
reverting expected returns. The solid and dashed lines are for expected shortfall with target
compounding rate γ̄T/T = 0.05, λφ = −1, and investment horizons T = 1 and T = 10. The
dotted and dashed-dotted lines are for power utility with λ = −2 and investment horizons
of T = 1 and T = 10.
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6 Conclusion

I start with the idea that investment risk is not having what you need when you need it. This
definition of investment risk places the investor’s needs front and center. I then combine this
definition of risk with asymmetric preferences for wealth above and below the wealth target,
and show how this leads to portfolio selection problems that depend explicitly on horizon.
For shortfall averse investors, these horizon effects are strong, even when asset returns are
iid. Furthermore, I show that portfolios constructed using the horizon sensitive framework
are less sensitive to inputs such as expected return and volatility than comparable portfolios
constructed using the conventional power utility framework.

It is intuitive that investment horizon is an integral part of the investment problem. The
objective function I present expresses this intuition, and differs from the conventional power
utility function in that it incorporates a wealth target at a particular point in time, in
conjunction with asymmetric preferences between shortfall and surplus.

The importance of investment horizon is most obvious for investors saving for retirement
in that age is a critical input. But horizon matters for foundations, endowments, defined
benefit pension plans, sovereign wealth funds, etc. Furthermore, the concept of wealth is
very general: wealth is simply assets minus liabilites. This means that the framework is
applicable to the obvious cases where wealth represents the entire net asset value of an
investor’s financial assets. Less obvious, however, is the applicability of this framework to
an equity manager trying to beat a benchmark. In this case, the liability is value of the
benchmark, and the wealth target represents the equity manager’s target value added over
the benchmark.
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Appendix A Wealth dynamics and distribution

If xi(t) represents the portfolio weight in asset i at time t with
∑

i xi(t) = 1, then wealth at
time t is related to wealth at time t+ dt by

W (t+ dt) = W (t)
∑
i

xi(t)e
d lnRi(t). (A.1)

If we expand the right hand side of this expression to first order in dt and apply Ito’s Lemma,
we can write the the change in log wealth between times t and t + dt as (see Fernholz and
Shay (1982))

d lnW (t) = γ(t)dt+
∑
i

xi(t)σRidB
R
i (t) (A.2)

where

γ(t) =
∑
i

xi(t)

(
ri(t) +

1

2
σ2
Ri

)
− 1

2

∑
ij

xi(t)xj(t)σRiσRjρ
RR

ij (A.3)

is the instantaneous geometric growth rate. The first term on the right hand side of Eq. (A.3)
is the arithmetic growth rate, and the second term is the conventional measure of portfolio
variance. Integrating Eq. (A.2) from t to t+ T , we get

lnWT = lnW (t+ T )− lnW (t) = γT +BT (A.4)

(A.5)

where

γT =

∫ t+T

t

γ(t′)dt′ (A.6)

BT =

∫ t+T

t

∑
i

xi(t
′)σRidB

R
i (t′). (A.7)

Because all of the random variables that define lnWT are either normal random variables or
sums of normal random variables, the distribution of log wealth at time t+T is normal with
mean γ̄T and variance σ̄2

T , i.e.

lnWT ∼ N (γ̄T , σ̄T ) , (A.8)

where

γ̄T = Et [lnWT ] (A.9)

σ̄2
T = Vart(lnWT ). (A.10)
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Using Eq. (A.4) for lnWT we can write

σ̄2
T = Vart(BT ) + Vart(γT ) + 2 Covt(γT , BT ), (A.11)

where the three terms on the right hand side are given by:

Vart (BT ) =
∑
ij

σRiσRjρ
RR

ij

∫ t+T

t

dt′ xi(t
′)xj(t

′), (A.12)

Vart (γT ) =
∑
ij

σriσrjρ
rr
ij

θi + θj

{∫ t+T

t

dt′ xi(t
′)e−θi(t

′−t)
∫ t′

t

dt′′ xj(t
′′)eθi(t

′′−t)

+

∫ t+T

t

dt′′ xj(t
′′)e−θj(t

′′−t)
∫ t′′

t

dt′ xi(t
′)eθj(t

′−t)

−
∫ t+T

t

dt′ xi(t
′)e−θi(t

′−t)
∫ t+T

t

dt′′ xj(t
′′)e−θj(t

′′−t)
}

(A.13)

Covt (γT , BT ) =
∑
ij

σriσRjρ
Rr

ij

∫ t+T

t

dt′ xi(t
′)e−θi(t

′−t)
∫ t′

t

dt′′ xj(t
′′)eθi(t

′′−t). (A.14)

Finally, the variance of actual returns lnRi(T ) =
∫ t+T
t

d lnRi(t
′) for asset i over horizon T

is

Var(lnRi(T )) = σ2
RiT +

(
σ2
ri

θ3
i

+ 2
σriσRiρ

Rr
ij

θ2
i

)(
θiT − 1 + e−θiT

)
. (A.15)

Note that if expected returns are constant, i.e. σri = 0, we have Var(lnRi(T )) = σ2
RiT , the

familiar linear form. For σri > 0 and short horizons, i.e. θiT � 1, the expression for the
variance reduces to Var(lnRi(T )) ≈ σ2

RiT . But for longer horizons, the shape is governed by
the correlation ρRrij between returns and expected returns. This formula therefore useful for
estimating ρRrij from historical data (see Section 5.3).

Appendix B Expected utility

For lognormally distributed wealth as defined in Appendix A, expected shortfall Φ =
E[φ(W )] and expected surplus Π = E[π(W )] as defined in Section 3.1 are available in closed
form. It is useful to express these expectations in a number of different ways. Expected
shortfall Φ has the form

Φ = sgn(λφ)

{
P
(
WT < W

∗
T

)
− Et[W

λφ ]

(W ∗)
λφ
P
(
WT < W

∗
T e
−λφσ̄2

T

)}
(B.1)

= sgn(λφ)
{
N(z1)−

[
eλφ(γ̄T−γ

∗
T )+ 1

2
λ2φσ̄

2
T

]
N(z2(λφ))

}
(B.2)
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where P (WT < X|W ∗
) is the probability that WT at time T is less than X, N(·) is the

standard cumulative normal, and z1 and z2 are given by

z1 =
γ̄T − γ∗T
σ̄T

, (B.3)

z2(λ) =
γ̄T − γ∗T
σ̄T

+ λσ̄T . (B.4)

Expected surplus Π is given by

Π = sgn(λπ)

{
P
(
WT > W

∗
T

)
− Et[W

λπ ]

(W ∗)
λπ
P
(
WT > W

∗
T e
−λπσ̄2

T

)}
(B.5)

= sgn(λπ)
{[
eλπ(γ̄T−γ

∗
T )+ 1

2
λ2πσ̄

2
T

]
N(−z2(λπ))−N(−z1)

}
. (B.6)

Note that Eqs. (B.2) and (B.6) are reminiscent of the Black-Scholes equations for European
options.
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